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Abstract 

In shallow foundations, the third bearing capacity factor, N, has been found to show a 

decreasing tendency with increasing the foundation size. It is supported by experimental 

observations and related mainly to stress level dependent nature of the soil. On the other 

hand, the bearing capacity is often obtained theoretically without consideration of the 

foundation vertical displacements. In this study, a simple form of the stress level dependent 

hyperbolic soil model is presented and implemented in the Zero Extension Lines (ZEL) 

method to predict the bearing capacity and load-displacement behavior of shallow 

foundations. A computer code is developed for this study. A procedure to find the actual 

behavior of relatively large foundations based on laboratory and in situ small scale or plate 

load tests data is also presented. An existing experimental full scale load test is investigated 

and analyzed with the presented method to show the possibilities and advantages of the 

method in comparison with ordinary approaches. The results show that the presented method 

is applicable for practical problems to provide a more precise estimate of the bearing capacity 

of shallow foundations. 
 

Keywords: Bearing capacity; Plasticity; Foundation; Load-displacement; Stress level; ZEL. 

 

1. Introduction 

Shallow foundations behavior is one of the major problems in geotechnical engineering. 

Several theoretical and experimental methods have been developed in the past decades to 

provide a good estimation of the bearing capacity of foundations. The well-known bearing 

capacity equation of Karl Terzaghi (1943) has been widely accepted for practical use, which 

is often presented in the following form [1]:  

0.5ult c qq cN qN BN            (1) 
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In this equation, c is cohesion, q is the surcharge pressure, B is the foundation width,  is the 

soil density, qult is the ultimate bearing capacity and Ni coefficients are the bearing capacity 

factors as functions of soil friction angle. In shallow foundations, the third factor has the 

major contribution in the bearing capacity.  

Many attempts have been made, based on limit theorems, in determination of the third factor, 

N, by different assumptions resulting in a wide range for N [1-9]. The third term suggests a 

linear increasing tendency in the bearing capacity of shallow foundations with increasing the 

foundation size. However, several researchers have observed and reported that the bearing 

capacity of shallow foundations does not increase with foundation size without bound and, N 

decreases when the foundation size increases (De Beer, 1965; Ovesen, 1975; Kimura et al., 

1985; Bolton and Lau, 1989; Clark, 1998; Cerato, 2005; Cerato and Lutenegger, 2007; Cerato 

and Lutenegger, 2007; Kumar and Khatri, 2008; Yamamoto et al., 2009) [10-19]. There are 

also other experimental methods based on small scale or in situ tests results, for prediction of 

shallow foundations behavior [20]. In practical cases, it is conventional to perform a small 

scale footing load test or a plate load test and extrapolate the results to larger foundations. 

Investigations of Fellenius and Altaee (1994) among other researchers showed that when 

such extrapolation is performed to predict the behavior of the prototype, based on small scale 

experiments, it requires a stress scale to be observed rather than a geometrical extrapolation 

alone [21]. The reason behind such observations can be related to the role of strains in soil 

mechanics and the concept of the stress level which affects the shear strength properties of 

soils, in particular, medium to dense sands and granular soils [22-25]. When soil behavior is 

very important for investigation of shallow foundations behavior, it was observed that the 

stress-strain behavior of sands can be approximated by a hyperbola (Kondor, 1963; Duncan 

and Chang, 1970) which is a basis for a hardening soil model arbitrarily used in many 

computer codes, e.g. PLAXIS [26-28]. Considering the role of strains in soil mechanics, 

many theoretical approaches without strain consideration, assuming a constant value of soil 

friction angle could provide over-conservative or unsafe bearing capacities; bearing capacity 

obtained from a load-displacement behavior seems to be more reliable and meaningful. 

Development of a proper approach to extrapolate the results of small scale footing load tests 

to larger foundations have been often a matter of concern and seems to be very useful in 

foundation engineering. 

In this research, the Zero Extension Lines (ZEL) method has been employed in which, a 

relatively simple form of the hyperbolic soil model is implemented to predict shallow 

foundations behavior on granular soils. This method can be used for many plasticity problems 

in soil mechanics dealing with stresses, strains and displacement. The background and history 

of this method is well described by Anvar and Ghahramani (1997) and Jahanandish (2003) 

[29,30]. This study is expected to provide a methodology to enable extrapolation of small 

scale footings behavior to larger foundations considering the role of strains and the effect of 

stress level. A computed code has been developed for this research to predict foundations 

behavior by the presented approach. 

 

2. Review on the ZEL method  

Following Anvar and Ghahramani (1997) and Jahanandish (2003) there are two directions 

along which, increments of axial strains are zero which are defined as follow [29,30]: 
Equations for the ZEL Directions:

For +tive direction: tan( )

     and      
4 2

For -tive direction: tan( )
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dz

dr
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In these equations, r and z are measures of horizontal and vertical directions (for both axi-

symmetric and plane strain problems),  is the direction of principal normal strain (or stress, 

when coaxiality is assumed) with respect to the horizontal direction and is soil angle of 

dilation. 

Therefore, the plasticity equations can be derived along the two ZEL directions, namely plus 

( 
) and minus ( 

) directions as one of the following forms which are equivalent [29,30]: 

 
Anvar and Ghahramani (1997) Equations along the ZEL Directions:

Along the minus (-) ZEL:
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Jahanandish (2003) Equations along the ZEL Directions:

Along the minus (-) ZEL:
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In these equations, S is the mean stress, c and  are the soil shear strength parameters,  and 

 are measures of distance along positive and negative ZEL directions, X and Z are body 

and/or inertial forces in horizontal and vertical directions, and other parameters are defined as 

follow [29,30]: 
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              (5b) 

 

Variations of soil shear strength parameters are included in the ZEL equations. These 

variations can be a result of soil non-homogeneity or variations in stress level at different 

points. Therefore, the effect of stress level on soil shear strength parameters can be 

considered in the ZEL method and hence, it can be utilized for the purpose of this research. 

Directions of soil minor and major principal stresses are shown in Figure 1a. Zero Extension 

Lines directions are also shown in Figure 1b. Figure 1c, shows an element AB of the ZEL 

along which, axial strain is zero in conjunction with principal strains (and stresses) directions. 
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Figure 1. Mohr circles of stress and strain: a) Minor and major principal stresses and b) Minor and 

major principal strains with ZEL directions. 

 

 

Since the Zero Extension Lines can work as rigid links between their start and end points, 

the horizontal displacement, u and vertical displacement, v, of any segment, like AB, should 

be normal to AB and therefore, the following expression is resulted [29,30]: 

du dz

dv dr
            (6) 

This equation can be written in a finite difference form and if a displacement boundary is 

known, the strain and displacement fields will be found. Relationship between soil maximum 

shear strain and sinmob can then be used to find a complete load-displacement behavior for 

foundations or retaining walls as indicated in the literature [29,30]. Numerical solution 

technique is also well described by Anvar and Ghahramani (1997) or Jahanandish (2003) 

[29,30]. 

 

3. Deformation computation 

The main property of the ZEL net can be employed to find the velocity field. Since the 

Zero Extension Lines are lines of zero axial strains, the ZEL would be used as rigid links that 

can move or rotate without axial deformation. As a consequence, for a given deformation 

boundary condition, the generated displacements in the ZEL net can be computed using the 

finite difference form of equation 7 for any two successive points. For example a rotating 

boundary is shown in Figure 2. The left boundary is held to be fixed against translation. To 

find the final position of point, say, B2 after deformation it is sufficient to rewrite equation 7 

in a finite difference form. Knowing the displacements of points A2 and A3, the displacements 

of point B2, i.e., uB2 and vB2 will be obtained [29,30]. A summary of finite difference forms of 

the equations are presented in Appendix A.  
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Figure 2. A schematic deformed ZEL net. 



M. Veiskarami, M. Jahanandish, A. Ghahramani /  Comp. Meth. Civil Eng.  1 (2010) 37-54 

41 

3.1. Developed computer code 

To solve the ZEL equations by taking the effect of stress level into account, a computer 

code in MATLAB has been developed for this research. The developed code consists of 

several subroutines in which, input data are inserted and the equations are solved. First, the 

ZEL net is constructed by assuming an initial value for soil friction angle (0) and soil 

dilation angle. Since soil angle of dilation remains constant during a major part of shearing 

[31], the ZEL net can be assumed also to remain unchanged for the entire load-displacement 

analysis. Initial value of soil friction angle is assumed to be equal to critical state soil friction 

angle, c.s., regarding the fact that the ZEL net should predict the ultimate load in which, 

mobilized soil shear strains have been reached to the corresponding value for mobilization of 

a critical state soil friction angle.  

Then, a k0 procedure is then performed to initialize the stress field, since the soil mobilized 

friction angles at the first step of loading are stress level dependent. In the next step, an 

incremental vertical displacement is applied on the foundation and the velocity 

(displacement) field is computed. Based on the velocity field, strain field can be computed 

remembering that the ZEL properties stated earlier. Having known the initial stresses and 

developed strains at the first step of loading, the corresponding soil mobilized friction angle, 

mob, which is a function of stress level and soil maximum shear strain is computed at every 

point within the ZEL field. The dependency of soil friction angle to both stress level and 

maximum shear strain can be considered either by curve fitting to the laboratory shear test 

results or by implementing a soil model which will be discussed later. The stress field (which 

can be calculated from the ZEL equations) and corresponding foundation pressure are then 

computed and the current obtained stress field is used for further steps of loadings and 

displacements. In each part, an iterative procedure is carried out for convergence. Finally, the 

entire load-displacement curve will be obtained. The procedure is outlined in the presented 

flowchart of Appendix A. 

 

4. Application of the hyperbolic soil model  

As stated before, original hyperbolic soil model is common in most of geotechnical analyses, 

particularly, in case of stress-controlled loading. Here it can be used as a basis for modeling 

soil behavior in laboratory shear tests. For the purpose of this work and considering the 

hyperbolic form of the stress-strain curve in most of laboratory shear tests, based on 

formulation presented for this model, the stress-strain curve can be approximated by a 

hyperbola with the following general form for a triaxial shear test [26-28]: 

1

50

1

2 1- / a

q

E q q
                                                                                                           (7) 

In this equation, 1 is axial strain, q is deviatoric stress (13), qa is the asymptote of the 

hyperbola obtained from test results (which can be equal or more than ultimate value of q) 

and E50 is the confining stress dependent stiffness modulus for primary loading and is given 

by the following equation for a general condition [26-28]: 

3
50 50
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This equation can be reduced to the following form for cohesionless soils: 
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In this equation, E50
ref

 is the reference stiffness modulus at reference confining pressure 

defined by p
ref

 and m as an exponent [26-28]. Reference confining pressure is 100kPa for 

example in SI units. The value of m ranges between 0.5 and 1.0; for example, Janbu (1963) 

for Norwegian sands and silt found the value of m to be equal to 0.5 [26-28,32]. The 

hyperbolic stress-strain relationship is shown in Figure 3. 

 

 
 

 

In this study, to simulate shear stress-shear strain relationship, first, the following general 

form of the hyperbolic equation is rewritten: 

1 1
1- / a

q
A

q q
           (9) 

In this equation, parameter A1 is equal to 1/2E50, and can also be determined by plotting the 

initial slope of the stress-strain curves obtained in laboratory shear tests versus confining 

pressure. The q- relationship can also be rearranged in the following form: 

1

1
1

a

q

A
q








                   (10) 

Since in the ZEL method the relationship between max and mobilized soil friction angle, mob, 

is required. These terms can be derived from the hyperbolic soil model as follow: 

1
max

2

(1 sin )








                  (11a) 
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1 3 tan ( )

4 2
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                   (11b) 
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                 (11c) 

In these equations is soil angle of dilation. Regarding that 3 is constant during a triaxial 

test, it is possible to define a stress ratio, f, as f=q/3 and substitute this definition in the 

hyperbolic soil model to develop a relatively simple equation for application in the ZEL 

method:  

qa 

qf 

q=1-3 

Axial Strain=1 

50% qf 

Asymptote 

Failure Line 

Eur 
E50 

Figure 3. Representation of a hyperbolic soil model. 
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In which A2 is a parameter defining the hyperbola and fa is the asymptote of the hyperbola. 

The relationships between stresses and strains are shown in Mohr’s circles of stresses and 

strains in Figure 4.  

 

 
 

 

Considering stress level dependency of parameters A1 (and A2) for cohesionless soils: 

1
350
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1 1

2
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                    (13) 

Therefore, it is possible to define the following values for the new form of the hyperbolic 

model: 

3
2 2 ( )ref m

a

A A
P


                    (14) 

According to stress level dependency of soil friction angle [22-24], this dependency can be 

defined as follow: 

3
max 1 2 ln( )

a

B B
P


                      (15) 

In this equation, max is maximum mobilized soil friction angle which determines the 

asymptote of the hyperbolic function, B1 and B2 are model parameters and Pa is reference 

(often atmosphere) pressure. Therefore, stress level dependent asymptote parameter, fa, can 

be easily determined at each level of confining pressure, 3.  

Now, a stress level dependent hyperbolic soil model is ready to be implemented in the ZEL 

method to predict foundations behavior. In order to provide an actual load-displacement 

curve of shallow foundations, it is possible to find the corresponding appropriate soil stress-

strain relationship. It can be done by back calculation of the results for one or two small scale 

load tests. It will be discussed further through a comprehensive example to show the 

procedure.  

 

5. Geometry of the problem and boundary conditions 

Prediction of foundations behavior by the ZEL method is a boundary value problem in soil 

mechanics in which, the bearing pressure beneath a foundation is determined at each 

s 

(sp,0.5sp)  

  max 

  

 

 3 S 

(sp,sp)  

   mob.  

 

 1 3 sp  

  

(a) (b) 

  

1 

  

 mob.  

Figure 4. Mohr’s circle of stresses and strains for a general stress and strain configuration. 
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incremental vertical displacement. There are several assumptions by the researchers to deal 

with the boundary conditions assumed for different types of foundations. Developed 

computer code for this research, is capable of solving both plane strain and axi-symmetric 

problems with smooth and rough bases. For rough base foundations, standard boundary 

condition of Bolton and Lau (1993) has been accepted and used. It is remarkable that when 

the third bearing capacity factor, N, is aimed to be found, it is necessary to perform further 

assumption to deal with the surcharge pressure over the ground surface. Presence of such 

surcharge pressure is necessary to prevent trivial solution of the partial differential equation 

set of the ZEL method.  

Bolton and Lau (1993) carried out a study on the effect of the surcharge pressure on 

computed N, and presented a dimensionless factor, , defined as the ratio of   the surcharge 

pressure, q, to B. They stated that if this factor is equal or less than 1.0, the effect of 

surcharge pressure leads to less than 20% error in calculation of the bearing capacity factor, 

N, which seems to be acceptable for practical purposes [5]. They suggested using a rigid 

triangular wedge (or cone, in axi-symmetric problems) as shown in Figure 5 and following 

Meyerhof (1963) inclined at angle equal to  [2,5].  

 

 
Figure 5. Failure mechanisms for a rough base foundations assumed by Bolton and Lau (1993) [5]. 

 

6. Prediction of foundations behavior 

At this point, the behavior of shallow foundations is investigated, first by using the 

conventional method and then by suggested procedure based on the stress level dependent 

hyperbolic soil model. To do this, an existing foundation load test data is represented. There 

are many difficulties in carrying full scale load tests on relatively large foundations and there 

are very few large scale foundation load tests in the literature known to the authors. An 

exception is the large scale footing load test in Texas A&M University, Texas, U.S.A., in 

1994, which has been represented for this study. 

An experimental program was performed in Texas A&M University, in 1994, to 

investigate the load-displacement behavior of shallow foundations and compare different 

methods in finding the actual ultimate load of the foundations as a competition. Large spread 

square foundations 1.0m, 1.5m, 2.5m and 3.0m wide were tested. The footing thicknesses 

were 1.2m to provide relatively rigid foundations. Details of this program were presented by 

FHWA (1997), Briaud and Gibbens (1999) and Briaud (2007) [33-35]. Subsoil condition was 

mainly consisted of sand with properties summarized in Table 1 [33]. 

 

 
Table 1. Summary of soil properties for foundation load tests at Texas A&M University [33]. 

Depth 
Gs 

d-min 

(kN/m
3
) 

d-max 

(kN/m
3
) 

emin emax 
D10 

(mm) 

D30 

(mm) 

D50 

(mm) 

D60 

(mm) 

0.6m 2.64 13.35 13.66 0.65 0.94 
0.1

* 
0.15

* 
0.2

*
 0.3

*
 

3.0m 2.66 15.70 16.10 0.62 0.91 
*
 Approximate value 
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The laboratory shear tests were performed at confining pressures of 34kPa, 138kPa and 

345kPa. Critical state soil friction angle was estimated between 34.2
o
 to 36.4

o
 degrees. 

Regarding the results of triaxial tests, soil angle of dilation was approximately obtained to be 

10
o
 to 15

o
 and the value of 12

o
 has been assumed for this study.  

 

7. Analysis without stress level dependency consideration 

First, the foundations behaviors were modeled with a unique soil stress-strain curve 

regardless of stress level or foundation size. To do this, the results of the triaxial shear tests 

were recompiled for using in the ZEL method. The detail has been presented by Veiskarami 

(2010) [36]. The results have been represented in terms of sinmob.- relationship which is 

required for the ZEL method as shown in Figure 6. In this way, stress level dependency is not 

considered and variation of soil mobilized friction angle at each point was considered to be 

only a function of soil maximum shear strain during the load-displacement analyses. The 

analyses have been performed for different size foundations described earlier. The results of 

the analyzed cases for 1.0m wide and 3.0m wide foundations are shown in Figure 7 and 

Figure 8. In these figures, the ZEL net and the deformed mesh at the final stage of the loading 

has been shown. It is remarkable that the tested square foundations were analyzed with 

equivalent circular foundations in an axy-symmetric model. 

 

 

Figure 6. Stress-strain curve developed for the purpose of this study. 

 

 

 

Figure 7. a) ZEL net for foundation of 1.0m width and b) deformed net. 

S
in

 
 m

o
b
. 
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Figure 8. a) ZEL net for foundation of 3.0m width and b) velocity field. 

 

Figure 9 shows the load-displacement curves obtained from the analyses in comparison 

with experimental data. It is clear that the predicted loads for relatively small foundations are 

proper, however, when the size increases, the predicted values located well above the 

experimental data. One of the important reasons behind this observation, among other 

possible reasons, can be related to the triaxial tests. In laboratory triaxial tests, the samples 

had not been tested at sufficiently high confining pressures to be representative of the entire 

stress levels in soil under different size foundations and at a wide range of applied stresses (as 

high as, say, 1000kPa). Thus, the tested confining pressures do not cover the entire confining 

pressures developed in the soil for foundations of different sizes and as a consequence, the 

predictions are not precise enough.  

 
Figure 9. Load-displacement curves for Texas A&M (1994) footing load tests (prediction and 

experiments).  

8. Analysis with stress level dependency consideration 

To obtain better results, the previously described hyperbolic soil model was employed. As 

it was stated before and in order to find an appropriate load-displacement curve of shallow 

foundations, it is possible to find the corresponding appropriate soil stress-strain relationship. 

It can be done by back calculation of the results for one or two small foundation load tests. 
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Such procedure can be performed for series of small scale footing or plate load tests in 

practice and calibrating the model to take the effect of stress level into account.  

To show the procedure, the results of the foundation load tests at Texas A&M University 

(1994) have been reutilized and the computations have been performed for these tests results: 

 

 First, an initial soil stress-strain hyperbolic curve is constructed; it can be obtained 

from standard shear test results for the average applied stress in the laboratory. For 

instance, the stress-strain curve obtained from laboratory shear test data can be used. 

Triaxial tests have been performed at confining stresses of 34kPa, 138kPa and 345kPa 

with average confining stress value of 190kPa. Therefore, this curve and the 

coefficients can be considered to be corresponding to 190kPa mean confining 

pressure. The coefficients have been obtained by curve-fitting procedure. It is shown 

in Figure 10 in comparison with experimental data. The initial parameters are as 

follow for the primary hyperbolic curve: 

fa=3.5 and A2=0.5 

 
Figure 10. Stress-strain curve for the primary hyperbolic curve. 

 

 Now, having known the results of some foundation load tests (at least two), the family 

of hyperbolic curves for different stress levels can be obtained. It is sufficient to find 

the values of B1 and B2 by a model calibration scheme. To do this, by a trial and error 

procedure, the foundation load-displacement curves are computed and compared with 

experimental results in such a way that computed and experimental results coincide as 

far as possible. Figure 11 shows the predicted and experimental results for 1.0m wide 

and 1.5m wide (with equivalent diameters of 1.13m and 1.84m consequently) 

foundations tested in Texas A&M University (1994). The analyses suggested taking 

the approximate values of B1=68 and B2=5.8. 

Family of hyperbolic curves at different confining pressures is also shown in Figure 12. 

 

 Now, the model is calibrated and it can be used for further predictions. Figure 13 

shows the load-displacement curves obtained for foundations of larger sizes by the 

presented procedure in comparison with existing experimental data. It is obvious that 

the results are in good agreement with experimental observations and hence, the 

obtained hyperbolic soil model and its associated parameters can be considered as a 

suitable model to describe and predict load-displacement behaviors of these 

foundations.  
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Figure 11. Model calibration with the two smallest foundations. 

 

 
Figure 12. Family of hyperbolas. 

 

 
Figure 13. Results of the load-displacement predictions for the large size foundations. 
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In smaller foundations, computed bearing pressures based solely on the laboratory shear 
tests data, showed lower values in comparison with experimental data. In contrast for larger 
foundations, the computed values are relatively high when they are obtained only from 
laboratory shear tests results. It reveals the inadequacy of laboratory shear tests results for 
prediction of foundations behavior when they do not cover the entire range of experienced 
stresses and effect of stress level is not properly included. As a result, the stress level 
dependency of soil shear strength should be taken into account to obtain better and more 
realistic predictions. Another important conclusion is that the foundation pressure ratios 

(ultimate bearing pressure of these foundations normalized to B), has a linear relationship 
with foundation size when plotted on a log-log scale graph. It is shown in Figure 14 in which, 
foundation pressure ratios for 10% of footing dimension (according to Briaud and Jeanjean, 
1994), or ultimate values reported in the tests (if lower), have been computed [37]. 
Consistency of the results with previous observations indicates the important role of stress 
level in scaling the results of a small foundation to larger one.  

 
Figure 14. Decreasing tendency in foundations bearing capacity for Texas A&M University 

foundation load test program (1994). 
 
 

At this point, an important conclusion can be made: while actual bearing capacity of 

foundations is required, estimations based on load-displacement behavior, i.e. with regard to 

the role of strains, provide better results rather than theoretical approaches through which, no 

consideration to the stress level dependency and influence of strains are considered. As a 

rough estimation, using the laboratory experimental data for the previous foundation load test 

program, the bearing capacity factor, N, has been calculated based on Bolton and Lau (1993) 

suggested values for rough base circular foundations. Regarding the values of  ranging 

between 34.2
o
 and 36.4

o
, with an average value of 35.3

o
, the average bearing capacity factor, 

N, will be obtained to be equal to 85. Table 2, shows the corresponding ultimate pressures 

based on these values for N and values obtained from the ZEL method. 
 

 

Table 2. Summary of soil properties for foundation load tests at Texas A&M University. 

Foundation 

Width 
Experiments 

Ultimate Load  

ZEL 
Bolton and Lau (1993) 

Equivalent Soil 

Friction Angle
*
 

1.0m 1.6MN 1.5MN 0.65MN 39.4
o 

1.5m 3.0MN 2.9MN 2.2MN 36.6
o
 

2.5m 7.3MN 7.9MN 10.2MN 33.3
o
 

3.0m 10.2MN 12.3MN 17.7MN 32.3
o
 

*
 These values are obtained from Bolton and Lau (1993) suggested values by back analysis 
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Comparison of the results reveals that when using a constant value of soil friction angle based 

on the theoretical bearing capacity formula, the obtained values are conservative for small 

size foundations, whereas in larger foundations, the results may be unsafe. Even more 

difference is expected to be observed for foundations with considerable dimensions. For 

example, if the decrease in foundation pressure ratio is approximated by a linear function of 

foundation size on a log-log plot, for a very large foundation, namely 10m wide, the analysis 

show that the maximum ultimate load should be roughly around 230MN while it is obtained 

to be approximately around 650MN when the value of N is assumed to be equal to 85 which 

is well above the possible ultimate load over such foundation. It is remarkable while using the 

minimum (or maximum) soil friction angle in determination of N may improve the results 

for some cases, the differences will be more significant in other cases regarding the variations 

of equivalent soil friction angles computed in this table for all cases. As a result, it seems that 

there is no reliable tool for selecting the appropriate value of soil friction angle and as a 

consequence, load-displacement curve prediction through similar analyses may be one of the 

useful methods for better estimation of the ultimate bearing capacity. 

Therefore, selection of an appropriate value for the bearing capacity of shallow foundations 

seems a rather more difficult task than it appears to be, when the effect of foundation size and 

stress level should be taken into account. As a matter of fact, the main idea behind using the 

stress level based ZEL method is to provide the possibility to predict the ultimate bearing 

pressure of foundations through the foundation behavior prediction rather than solving the 

equilibrium and yield equations regardless of strains and stress level. The results of this study 

show that the presented procedure can be used to predict the foundations behavior with 

adequate precision and estimate the ultimate load of shallow foundations with reasonable 

agreement with experimental observations. 

 

9. Conclusions 

In this study, the effect and importance of the stress level in foundations behavior has been 

studied by development of a stress level based hyperbolic soil model implemented in the ZEL 

method. Among a few number of large scale footing load tests found in the literature, the full 

scale load tests performed in Texas A&M University in 1994 was recompiled and 

investigated. First, the laboratory shear tests data has been used to predict foundations 

behavior. The results showed that since the triaxial test data do not cover the entire range of 

experienced stresses in the soil, induced by different size foundations, predictions are 

relatively poor. The reason was found to be the inadequacy of laboratory shear test data; they 

were not a representative of the entire soil body experiencing higher levels of stress under 

different size foundations. In order to obtain a better prediction of foundations behavior, the 

procedure of using a stress level dependent hyperbolic soil model was described and the 

procedure was employed in the ZEL method. 

Model calibration (computation of the model parameters) has been performed by a back 

calculation procedure for two foundations of different sizes. The calibrated model was then 

utilized to predict the behavior of other foundations in that group, larger in size. The obtained 

results showed reasonably good agreement with the experimental data. Further study revealed 

that the ultimate pressure obtained from the load-displacement behavior prediction, 

considering the effect of the stress level and foundation load-displacement behavior is more 

accurate and meaningful. In contrast, estimation of the ultimate load based solely on the 

solution of the stress field alone, without further consideration of the strain and stress level 

effects failed to estimate the true ultimate load. Such results when a constant value of N is 

used for foundations of different sizes can be either over-conservative or unsafe, depending 

on many factors as well as the selected values of the soil friction angle, and, in particular, the 
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foundation size. However, the presented methodology is expected to overcome these 

shortcomings. Moreover, the presented approach is rather simple and applicable in many 

cases by taking both geometric and stress scales into account in extrapolation of the small 

scale footing load test results to large scale foundations. As a conclusion, the bearing capacity 

determined from a load-displacement curve and stress level consideration, has better 

agreement with experimental observations. On the other hand, the presented procedure works 

well in presence of at least two small scale footing (or plate) load test results to predict the 

behavior of larger foundations.  
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Appendix-A: Finite difference forms of the equations 

Regarding the ZEL equations, there are four equations and four unknowns at each point, e.g., 

point C. A triple point strategy is used to solve the ZEL equations by which, the required data 

at the third point, i.e., C are computed by given data at previous two points, namely A and B. 

For terms without a subscript index, the averaged values between two successive points were 

used. For example, angle  is initially set equal to A and after the first round of iteration, it 

sets equal to averaged value of A and C along the positive direction. 
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Displacement equations: 
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Shear strain computation can be done by the following equation [30]: 
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Therefore, the finite difference form of this equation will be as follow: 

 

cos( ) cos( ) sin( ) sin( )

cos

C B C A C B C A

BC AC BC AC

rz

u u u u v v v v
       




    
       

               (A6) 

 

Finite difference forms of the ZEL equations are programmed as supplementary functions in 

the developed computer code. The following supplementary functions have been coded: 

 Function ZELCALC: In this function, the ZEL directions are first computed from 

equation. A1 and then, the stresses are computed from equation A2 and equation A3. 

An iterative procedure is carried out for convergence since the values of  are stress 

dependent and therefore, coordinates of the third point, C, depend on the computed 

stresses. 
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 Function DISCALC: In this function, the displacement field is computed. When the 

displacement boundary is known, a similar triple point strategy is performed to solve 

two unknown displacement components of point C, namely, uc and vc by equation A4. 

In the same function, maximum shear strains at each point are also computed by using 

equation A6. 

 Function PHIFUN: In this function, a soil model can be inserted to compute the 

appropriate values of soil mobilized friction angle as a function of both stress level 

and maximum shear strain. 

A general iterative procedure is also carried out over the entire loop (at each displacement 

step) until no significant change is observed in the values of stresses and other unknowns. 

The flowchart of the calculation procedure is outlined below: 

 

 

 

Start Input Data and Initial Values 

Stress Initialization, Based on 0 

(Associative or Non-Associative)  

ZEL Net and Initial Stresses 

Call ZELCALC* 

Call DISCALC*  

Displacements Field and Shear 

Strains Computation  

Call PHIFUN*  

Mobilized Friction Angle 

Computation 

Call ZELCALC*  

Stresses and Foundation Pressure at 

Applied Displacement Computation 

Last Step of 

Displacement? 

 

Yes 

No 

Output Stresses, N, qult, Required 

Matrices, Generated Shears 

Forces and Moments 
End 

Application of the First 

Displacement Step  

Application of the Next 

Displacement Step  

*
 I

te
ra

ti
o

n
s 

ar
e 

p
er

fo
rm

ed
 f

o
r 

so
lu

ti
o

n
 c

o
n
v

er
g

en
ce

. 

F
u

n
ct

io
n
 P

H
IF

U
N

 i
s 

fo
r 

v
ar

ia
ti

o
n

s 
o

f 


  
an

d
 f

u
n

ct
io

n
 D

IS
C

A
L

C
 i

s 
fo

r 
v

el
o

ci
ty

 

fi
el

d
 c

o
m

p
u

ta
ti

o
n
. 

K0 Procedure to Initialize 

the Stress Field  


