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Abstract 
 

In this paper, the mechanical behavior of three-phase inhomogeneous materials is modeled using 
the meso-scale model with lattice beams for static and dynamic analyses. The Timoshenko beam 
theory is applied instead of the classical Euler-Bernoulli beam theory and the mechanical properties of 
lattice beam connection are derived based on the continuum medium using the non-local continuum 
theory. The average acceleration method is applied for dynamic modeling of crack propagation in 
concrete. Finally, two experimental tests, including the simple tension experiment and the Nooru-
Mohamed test, are simulated using the proposed model in order to investigate the effects of dynamic 
crack propagation, and the results are compared with those of static analysis. 
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1.  Introduction 

 
Numerical analysis of crack propagation and fracture process in inhomogeneous materials, 

such as concrete, has always been a challenging issue. Various methods have been used by 
researchers depending on the available computer capacities. Damage models have been the 
center of attention for more than three decades according to their computational feasibility. 
Although these models have given satisfactory results for material behavior, they are not 
pertinent alternatives for crack pattern simulations and micro crack observations. On the 
other hand, despite of considerable accuracy and economic computation effort, the fictitious 
crack model and crack band model are unable to simulate the crack ramification in concrete. 
In contrast, the lattice model, which was originally developed by Hrennikoff [1] in 1941, has 
the ability of a reliable crack path prediction with micro-crack observation and ramifications. 
Due to high computational demands the method did not gain a significant attention till 90s. 
Moreover, such a high computation expense has preserved researchers from any major work 
on the dynamic behavior of inhomogeneous materials through the lattice models. 
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Nomenclature 
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damping matrix 
the distance of center of aggregate i from aggregate j 
the diameter of aggregates i 
elastic module of  lattice beam element 
vector of external forces 
shear rigidity 
depth of lattice beam element 
the diagonal component of third DOF of mass matrix 
stiffness matrix of a beam element 
stiffness matrix of a rod element 
stiffness matrix of a lattice beam element 
the global stiffness matrix of lattice beam element 
length of lattice beam element 
the diagonal component of first two DOFs of mass matrix 
mass matrix 
the depth-length ratio of lattice beam element 
thickness of continuum medium 
thickness of lattice beam element 
the natural period of one single beam element 
displacement vector 
velocity vector 
acceleration vector 
the strain energy of a unit cell of lattice 
the strain energy of continuum medium 
correction factor 
the dimensionless ratio of bending to shear stiffness 
axial strain criterion 
the tensile prescribed displacement 
the shear prescribed displacement 
time step 
a coefficient indicating the contribution of curvature in strain 
the Newmark parameters 
rotation matrix 
Poisson ratio of lattice beam element 
the angle of lattice beam element with horizontal direction 
density 

 

From the scaling point of view, one can study fracture process in heterogeneous materials 
in various scales, including macro, meso, micro and nano scale. It is clear that the smaller 
scale modeling can be used by simpler constitutive laws [2]. In the macro-scale model, the 
material is considered as homogeneous and consequently, the constitutive laws are more 
complicated. However in meso-scale model, the concrete is considered as a three phase body, 
namely, the matrix phase, aggregate phase and the interface between these two phases. 
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Technically, there are two main approaches for crack propagation simulation of concrete in 
meso-scale model. The first method is based on the classical approach, in which the general 
relation between the stress and strain is calculated from corresponding experiments and the 
out coming material properties may not be the material property of concrete ingredients. In 
this method, the concrete is considered as a homogenous material, and the procedure needs 
less computational effort, however – it cannot predict fracture pattern accurately. The second 
approach simulates the material inhomogeneity physically, called as the physical-based 
approach. In this technique, aggregates are generated with various sizes and located with a 
normal statistical distribution. As a result, this approach is more realistic, but it has 
computational cost, since elements must be smaller than the finest aggregates [3]. 

The lattice model has been used and developed by various researchers. Hrennikoff [1] 
employed the bar elements with only two degrees of freedom at both ends. Herrmann et al. 
[4] proposed the beam elements instead of bar, or spring elements, with six degrees-of-
freedom in 2D simulation, and 12 DOFs in 3D modeling. However, due to lower 
computational demand of spring elements, it is still a popular lattice model among 
researchers [5,6]. The disadvantage of implementation of spring elements is in prediction of 
mixed mode fractures, while the beam elements provide more realistic results for mixed 
mode fracture processes. A new generalized beam element was proposed by Liu et al. [7,8] 
which was composed of three different beam elements to reduce the computational expenses. 
In this method, the Timoshenko beam theory was used instead of the Euler–Bernoulli 
classical theory and some modifications were implemented into the constitutive laws. The 
linear lattice element was proposed by Lilliu and van Mier [9] and Schlangen and Garboczi 
[10] in micro- and meso-scale models. The nonlinear plastic lattice model was implemented 
by Cusatis et al. [11,12] in macro-scale modeling.  

Fracture is generally a dynamic phenomenon and the static modeling of crack propagation 
– even for very low loading rates – is inherently an approximation. To the knowledge of 
authors, there are not major studies on dynamic modeling of fracture in concrete using the 
meso-scale model. In one of the rare studies of dynamic simulation of fracture in lattice 
modeling, Liu et al. [8] proposed a dynamic analysis using the central difference method, and 
compared their results with the quasi-static simulation. In the present paper, the dynamic 
modeling of inhomogeneous materials is performed using the meso-scale model with lattice 
beams. The Newmark technique based on the average acceleration method is applied for 
dynamic modeling of crack propagation. The Timoshenko beam theory is employed for 
lattice elements and their mechanical properties are derived using the non-local continuum 
concept. Two experimental tests are finally simulated to investigate the effects of dynamic 
crack propagation, for a simple tension experiment and the mixed mode fracture of Nooru-
Mohamed test. 

 
2. The lattice model 
 

In lattice model, it is necessary to provide a relationship between the lattice parameters 
and the continuum medium. There are various approaches proposed by researchers to obtain 
this relationship.  Cusatis et al. [11,12] applied the Delaunay triangulation to assign the 
proper area of each bar element. Kozicki and Tejchman [13] used the experimental 
coefficients to derive the axial and shear stiffness. However, the globally accepted approach 
is based on the nonlocal continuum technique to obtain the elasticity module and Poisson 
ratio of beam elements from corresponding continuum factors. In order to obtain the 
mechanical properties of lattice model, the equivalence of strain energy can be performed for 
a unit cell of lattice and its continuum counterpart as: 
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ୡܷୣ୪୪ ൌ ୡܷ୭୬୲୧୬୳୳୫ (1) 

Based on this method, the lattice mesh has to be uniform with a specific cell figure, since 
it is unfeasible to perform the evaluation of each single cell in random lattice model. The 
most common lattice shape for 2D simulation is triangular form, as shown in Figure 1, due to 
its simplicity and generality [14]. 

 

 
 

Figure 1. A regular lattice model together with a hexagonal cell. 
 
In the nonlocal continuum concept, the relationship between the elastic module ܧ௕ and the 

Poisson ratio of beam elements ߭௕ can be written as [14]: 

௕ܧ ൌ
ܧ

2√3ܴ

3 ൅ ܴଶ 1
1 ൅ ߚ

1 ൅ ܴଶ 1
1 ൅ ߚ

ݐ
 ௕ݐ

(2) 

߭௕ ൌ
1 െ ܴଶ 1

1 ൅ ߚ

1 ൅ ܴଶ 1
1 ൅ ߚ

 (3) 

in which for the Timoshenko beam, ܴ ൌ ݄/݈ denotes the ratio of depth to length, ݐ the 
thickness of continuum medium, ݐ௕ the thickness of beam element, and h the depth of beam 
element. In above relations, ߚ is the dimensionless ratio of bending to shear stiffness. If 
ߚ ൌ 0, the Euler-Bernoulli beam can be derived as: 

௕ܧ ൌ
ܧ

2√3ܴ
3 ൅ ܴଶ

1 ൅ ܴଶ
ݐ
 ௕ݐ

(4) 

߭௕ ൌ
1 െ ܴଶ

1 ൅ ܴଶ (5) 

There are various approaches to generate the aggregate distribution on lattice model. One 
of the most effective and random methods is based on the location of aggregates on lattice 
mesh in a decelerating manner. In this method, the biggest aggregate is first located 
randomly, then the second biggest, after that the third, the forth and etc. In this procedure, 
there is a rule, in which the current location of aggregate must not have any overlay with the 
previously located ones. A minimum distance between each aggregate is proposed as [11]: 

݀௜௝ ൒ 1.2 ൬
௜ܦ ൅ ௝ܦ

2 ൰ (6) 
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where ݀௜௝ is the distance of center of aggregate i from aggregate j, and ܦ௜ and ܦ௝ are the 
diameters of aggregates i and j, respectively. For those elements that both ends are located in 
the matrix, labeled as the ‘matrix’, if both ends are located in aggregate, labeled as the 
‘aggregate’, and if one end belongs to matrix and the other end to aggregate, labeled as the 
‘interface’, as shown in Figure 2. 

 

 
 

Figure 2.  A lattice mesh with various elements; the dark elements are aggregate, the gray ones are 
matrix, and the light elements are interface beams. 

 
2.1. The stiffness matrix of lattice element 
 

In lattice model, the beam element has three degrees of freedom at each node, including 
the normal displacement, shear displacement and bending moment, as shown in Figure 3. By 
superposing a beam element of four DOFs with a simple rod element of two DOFs, the 
stiffness matrix of a general beam element in lattice model can be defined as: 

 

 
 

Figure 3.  The degrees of freedom for a 2D beam element. 
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(7) 
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۹୰୭ୢାୠୣୟ୫ ൌ
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ۑ
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  (8) 

where the vector of nodal degrees-of-freedom is defined as ܝ ൌ ሼݑଵ  ݒଵ  ߮ଵ  ݑଶ  ݒଶ  ߮ଶሽ், and 
the vector of external forces as ܎ ൌ ሼ ଵܰ   ଵܸ  ܯଵ   ଶܰ   ଶܸ  ܯଶሽ். In above relation, ܤ௜௝ is defined 
based on the theory of Timoshenko beam as: 

ଵଵܤ ൌ
መܣܩ
݈ ଵଶܤ          ൌ

መܣܩ
2          ଶଶܤ ൌ

መ݈ܣܩ
4 ൅

ܫ௕ܧ
݈ ଶସܤ ൌ

መ݈ܣܩ
4 െ

ܫ௕ܧ
݈  (9) 

where ܩ ൌ ௕ܧ ሾ2ሺ1 ൅ ߭௕ሻ⁄ ሿ, and ܣܩ denotes the shear rigidity. ܣመ ൌ ܣ ⁄ߙ  , with ߙ denoting a 
correction factor, which is defined for the cross-sectional warping as [15]: 

ߙ ൌ

ە
۔

12ۓ ൅ 11߭௕

10 ൅ 10߭௕            for rectangular cross sections

7 ൅ 6߭௕

6 ൅ 6߭௕              for circular cross sections
 (10) 

In case of the Euler–Bernoulli theory, the values of ܤ௜௝ are defined as: 

ଵଵܤ ൌ
ܫܧ12
݈ଷ       ଵଶܤ  ൌ

ܫܧ6
݈ଶ    ଶଶܤ ൌ

ܫܧ4
݈ ଶସܤ ൌ

ܫܧ2
݈  (11) 

In order to derive the total stiffness matrix, we need to obtain the global stiffness matrix by 
assembling the stiffness matrix of each beam element in a standard manner using the 
Jacobean matrix. However in the standard lattice model, each element regardless of its phase 
is assigned to the horizontal direction with ߠ ൌ 0, inclined with ߠ ൌ 60୭, or inclined with 
ߠ ൌ 120୭. Thus, the stiffness matrix does not need any modification for assembling in the 
global matrix, and can be obtained using the rotation matrix as:  

۹෡ ൌ ડ்۹୰୭ୢାୠୣୟ୫ડ (12) 

where:  

ડ ൌ
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ێ
ێ
ێ
ێ
ۍ
cos ߠ sin ߠ 0
െ sin ߠ cos ߠ 0
0 0 1

      0 0 0
0 0 0
0 0    0

     0          0     0
     0        0     0
    0       0     0

cos ߠ sin ߠ 0
െ sin ߠ cos ߠ 0
0 0 ے1

ۑ
ۑ
ۑ
ۑ
ې

 (13) 

 
2.2. The fracture criteria 
 

In fracture mechanics, it has been shown that the meso-, or micro-scale simulation can be 
used by employing the simple constitutive laws. It implies that although fracture is a 
nonlinear, inelastic phenomenon in macro-scale modeling of concrete, we can use the linear 
elastic beam elements in the meso- or micro-scale simulation. Most of research works in 
lattice modeling of fracture in concrete have been used by a simple stress or strain criterion, 
as the fracture criteria. It means that whenever an element reaches the specific criterion, that 
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element can be removed from the lattice mesh. It is noteworthy to be explained that the 
removal of an element will not cause any numerical instability and would be the best way of 
simulation for the fracture analysis of concrete. In this study, an axial strain criterion 
proposed by Karihaloo et al. [14] is used as: 

୤ୟ୧୪୳୰ୣߝ ൌ
ሾሺݑଶ െ ଵሻݑ cos ߠ ൅ ሺݒଶ െ ଵሻݒ sin ߠ ൅ |߮ଵ െ ߮ଶ| ߛ݄ 2⁄ ሿ

݈  (14) 

in which each element that its strain exceeds the above limit will be removed from the model. 
In relation (14), ݑ௜ ,  is a ߛ ,௜ and ߮௜ are the degrees of freedom, as shown in Figure 3ݒ
coefficient that determines the contribution of the curvature in strain calculations, considered 
as ߛ ൌ 0.005, and h denotes the depth of the beam element. 

 
3.  Dynamic lattice model  

 
The dynamic lattice model can be formulated based on the standard continuum medium 

concept of dynamic behavior. In dynamic continuum medium, each node of lattice beam 
element includes two additional components, i.e. the velocity and acceleration, in which these 
two components are incorporated into the damping and mass matrices. It is assumed that the 
mass of each element concentrates on its ends, and as a result the mass matrix is diagonal 
with the components defined as [8]: 

ࣧ ൌ
௕ݐଶ݈ߩ3√

2      ,          ࣤ ൌ
௕ݐସ݈ߩ5
8 ቆ

√3
9 െ

ߨ3
64ቇ (15) 

where ࣧ is the diagonal component of the first two DOFs, ࣤ is the diagonal component of 
the third DOF at each node, and ߩ denotes the density. The damping matrix is assumed to be 
a linear combination of the mass matrix ܯ and the stiffness matrix  , i.e. ܥ ൌ ܯതߙ ൅  in ,ܭҧߚ
which parameters ߙത and ߚҧ are chosen as ߙത ൌ 0.5 and ߚҧ ൌ 0.001 for concrete [8]. 

In order to perform the numerical modeling of dynamic analysis, the Newmark technique 
is applied here. In this method, the accuracy and convergency are satisfied by using two 
parameters, called ߛଵ and ߛଶ, through the following relations: 

ሶݑ ௜ାଵ ൌ ሶݑ ௜ ൅ ሾሺ1 െ ሷݑሿݐ∆ଵሻߛ ௜ ൅ ሺߛଵ∆ݐሻݑሷ ௜ାଵ (16) 

௜ାଵݑ ൌ ௜ݑ ൅ ሺ∆ݐሻݑሶ ௜ ൅ ሾሺ0.5 െ ሷݑሻଶሿݐ∆ଶሻሺߛ ௜ ൅ ሾߛଶሺ∆ݐሻଶሿݑሷ ௜ାଵ (17) 

The technique is unconditionally stable, if ∆ݐ ௡ܶ⁄ ൑ 1 ଵߛඥ2ሺߨ െ ⁄ଶሻߛ2 ଵߛ ,  ൑ 1 2⁄  and 
ଶߛ ൑ 1 4⁄  [16]. If ߛଵ ൌ 1 2⁄  and ߛଶ ൌ 1 4⁄ , the Newmark method is called as the average 
acceleration method, since the acceleration in an interval time-step is assumed to be constant, 
i.e. 

ሶݑ ௜ାଵ ൌ ሶݑ ௜ ൅
1
ሷݑ ݐ∆2 ௜ ൅

1
ሷݑ ݐ∆2 ௜ାଵ

௜ାଵݑ ൌ ௜ݑ ൅ ݐ∆ ሶݑ ௜ ൅
1
ݐ∆4

ଶ ݑሷ ௜ାଵ
 (18) 

or: 

ሶݑ߂ ௜ ൌ
2
ݐ߂ ௜ݑ߂ െ ሶݑ2 ௜                 

ሷݑ∆ ௜ ൌ
4
ଶݐ∆

ሺ∆ݑ௜ െ ሶݑ∆ ݐ∆ ௜ሻ െ ሷݑ2 ௜
 (19) 
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If ߛଵ ൌ 1 2⁄  and ߛଶ ൌ 1 6⁄ , the Newmark method is called as the linear acceleration 

method. In this case, the convergency condition is given by ∆ݐ ௡ܶ⁄ ൑ √3 ⁄ߨ  and in an interval 
time-step, we have: 

ሶݑ ௜ାଵ ൌ ሶݑ ௜ ൅
1
ሷݑ ݐ∆2 ௜ ൅

1
ሷݑ ݐ∆2 ௜ାଵ

௜ାଵݑ ൌ ௜ݑ ൅ ݐ∆ ሶݑ ௜ ൅
1
ݐ∆3

ଶ ݑሷ ௜ ൅
1
ݐ∆6

ଶ ሷݑ ௜ାଵ
 (20) 

or: 

ሶݑ߂ ௜ ൌ
3
ݐ߂ ௜ݑ߂ െ ሶݑ3 ௜ െ

1
ሷݑ ݐ∆2 ௜

ሷݑ∆ ௜ ൌ
6
ଶݐ∆

ሺ∆ݑ௜ െ ሶݑ∆ ݐ∆ ௜ሻ െ ሷݑ3 ௜
 (21) 

 
In lattice beam model, the natural period of one single beam element ௡ܶ would be 

extremely small, since the lattice beam element has very small length (0.5 to 2 mm). Thus, ∆ݐ 
must be unfeasibly small to satisfy the convergency condition. As a result, the 
unconditionally convergence method of average acceleration method is preferred here for 
dynamic modeling of crack propagation. The equilibrium equation of dynamic continuum 
medium can be written as: 

ሷݑܯ ௜ ൅ ሶݑሻݐሺܥ ௜ ൅ ௜ݑሻݐ෡ሺܭ ൌ ܲሺݐሻ (22) 

or in an incremental form: 

ሷݑ∆ܯ ௜ ൅ ሶݑ∆ሻݐሺܥ ௜ ൅ ሶݑܥ∆ ௜ ൅ ௜ݑ∆ሻݐሺܭ ൅ ௜ݑܭ∆ ൌ ∆ܲ (23) 

where ܯ is the mass matrix, which is diagonal and constant, ܭ෡ is the stiffness matrix defined 
in (12) and ܥ is the damping matrix. Applying the average acceleration method and using the 
derived relations for ݑ߂ሶ ௜ and ∆ݑሷ ௜, equation (23) can be rewritten as: 

ॶ ݑ߂௜ ൌ  Զ (24)߂
where:  

ॶ ൌ ሻݐ෡ሺܭ ൅
2
ݐ∆ ܥ

ሺݐሻ ൅
4
ଶݐ∆  (25) ܯ

Զ߂ ൌ ܲ߂ ൅ ൬
4
ݐ∆ ܯ ൅ ሶݑ൰ܥ2 ௜ ൅ ሷݑܯ2 ௜ െ ሶݑܥ∆ ௜ െ  ௜ (26)ݑ෡ܭ∆

Based on equation (24), ݑ߂௜ can be calculated by a simple linear equation at each time 
step, and the values of ݑ௜ାଵ and ݑሶ ௜ାଵ can be then obtained from relations (19), however for a 
better acccuracy, it is preferred to evaluate ݑሷ ௜ାଵ through the equilibrium equation (22), i.e. 

ሷݑܯ ௜ାଵ ൌ ܲሺݐሻ െ ሶݑሻݐሺܥ ௜ାଵ െ  ௜ାଵ (27)ݑሻݐ෡ሺܭ

It must be noted that the unconditional convergency can be obtained at the cost of losing 
accuracy. For this reason, the numerical simulation has to be in a limited range of loading 
rate, since the high loading rate causes some fluctuations in the snap-back part of force-
displacement curve, which is the result of numerical instability. One possible solution for this 
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phenomenon is to implement the dominant mode shapes of the model, which has a 
widespread application in the dynamic analysis of tall structures [16]. 

 
4.  Numerical simulation results 

 
In order to demonstrate the performance of proposed dynamic lattice model, several 

practical examples are analyzed numerically. A computer code was developed based on the 
computational algorithm presented in preceding sections to perform the numerical 
simulations using the parallel processing. A compressed sparse row format is used to store 
the global stiffness matrix, and a math kernel library sparse solver is engaged that uses the 
CGS method with the privilege of parallelism. Based on the sparse format and the parallel 
CGS solver, the computer code is fast enough to simulate large numerical examples that have 
never been experienced before. In order to simulate and predict the failure of system, 
according to the displacement increment at each time step, if the strain of lattice element 
reaches the strength criterion, the element is removed from the system, and the stiffness 
matrix and load vector are updated to restart the simulation from the previous displacement 
increment.  

The first example is the well-known simple tension experiment, which illustrates the 
perfect pattern of mode I crack propagation [12,14,17]. The second example is the Nooru-
Mohamed [18] mixed-mode fracture experiment chosen to demonstrate the capability of 
proposed model in complex boundary conditions. For each numerical simulation, the 
aggregate formation is preserved constant and the effects of model parameters are 
investigated. Both experiments are performed in three different phases, including the static 
model, the dynamic model with load rate of 0.001  cm s⁄ , and the dynamic model with load 
rate of  0.1  cm s⁄ . Also, the dimensionless ratio of bending to shear stiffness of element ߚ is 
chosen as 0.946, and the thickness of beam element ݐ௕ ൌ 0.738, however they do not have 
any significant effects on numerical results. 

 
4.1. The simple tension experiment   
 

The first example is chosen to demonstrate the performance of proposed lattice model for 
a simple tension experiment performed by Prado and van Mier [17], as shown in Figure 4. 
Due to the fact that there is no notch or initial crack in this example, the micro cracks and 
inhomogeneity of the specimen are the main components of fracture in the material. On the 
other hand, models that consider concrete as a homogeneous material are incapable of 
handling this phenomenon [19]. In order to perform the lattice analysis, a sample of 100x100 
mm with 11658 nodes and 34542 elements is modeled using lattice beam elements, as shown 
in Figure 5. The specimen is fixed at the bottom edge and is subjected to prescribed 
displacement at the top edge. The sample undergoes the displacement control of 0.1 ߤm 
loading step for quasi-static analysis, and 0.001  cm s⁄  and 0.1  cm s⁄  for dynamic modeling 
until 15.0 ߤm. The time steps are assumed to be ∆ݐ ൌ 0.001 s and ∆ݐ ൌ 0.00001 s , which is 
equivalent to the total simulation of 1.5 s and 0.015 s, respectively. The aggregate 
distribution is in accordance with Table 1, which is common among various researchers. 
Also, the assigned material characteristics in continuum medium are given in Table 2. 
Aggregates are randomly generated and have the mentioned minimum distances. The 
‘interface’ elements include the weakest material properties, and the micro cracks are 
expected to initiate from these elements. The distribution of the formation of aggregates, 
including the ‘aggregate’, ‘matrix’ and ‘interface’ lattice beams, is shown in Figure 5. 

 
 



A.R. Khoei, M.H. Pourmatin / Comp. Meth. Civil Eng. 2  (2011) 1-20 

10 

 
 

Figure 4.  The simple tension test; Problem definition. 
 
 

 
 

Figure 5.  The lattice model of simple tension experiment. 
  

 

Table 1.  Particle Distribution. 

Diameter (mm) Number
80 5 
70 10 
60 20 
50 30 
40 40 
30 50 
20 60 

 

 

Table 2.  The elastic properties of continuum medium. 

Phase Elasticity (N/cm2) Poisson ratio Tensile strength (N/cm2) 

matrix 3125500 0.261 500 
aggregate 8751400 0.261 1000 
interface 3125500 0.261 150 
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Figure 8.  The predicted crack trajectory for simple tension test reported by Prado and van Mier [17]. 
 

In Figure 9, the distributions of normal stress contours are shown for the static analysis of 
simple tension test at various stages of crack formation, including: the micro-crack formation, 
main crack initiation, and complete failure. In Figure 10, a comparison of the force-
displacement curves is performed between the static analysis and dynamic simulation with 
load rate of 0.001  cm s⁄ . Due to low load rate of dynamic analysis, the results of dynamic 
simulation are similar to those obtained from the static analysis. It can also be seen from the 
distribution of normal stress contours shown in Figure 11 at various stages of loading. In 
order to present the performance of dynamic simulation, the analysis is carried out once again 
with load rate of 0.1  cm s⁄ . The difference between the force-displacement curve of static 
and dynamic analyses are obvious in Figure 12. It must be noted that the initiation of micro 
cracks in static analysis occurs at the displacement of 3.6 ߤm and load of 1080 N, while in 
dynamic analysis with load rate of 0.1  cm s⁄ , it happens at the displacement of 4.1 ߤm and 
load of 1210 N. Also presented in Figure 13 is the distribution of normal stress contours at 
various stages of crack formation for load rate of 0.1  cm s⁄ .  

 
 

 
Figure 9.  The distribution of normal stress contours for the static analysis of simple tension test; (a) 
the micro-crack formation, (b) the main crack initiation, (c) the complete failure. 
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Figure 13.  The distribution of normal stress contours for dynamic analysis of simple tension test with 
load rate of 0.1 cm/s; (a) the micro-crack formation, (b) the main crack initiation, (c) the complete 
failure. 

 
4.2. The Nooru-Mohamed experiment  
 

The next example is chosen to illustrate the capability of proposed lattice technique in 
modeling of mixed-mode fracture experiment, originally performed by Nooru-Mohamed 
[18]. This example was also modeled by Moslemi and Khoei [20] to demonstrate their 3D 
adaptive finite element modeling in numerical simulation of crack propagation. A concrete 
specimen of 100x100x50 mm with two notches, as shown in Figure 14, is subjected to 
different proportional and non proportional load paths. The test applies tensile and shear 
loads to a double-edge-notched specimen (DENS) simultaneously, which causes the mixed-
mode fracture phenomenon and illustrates tracking crack paths with respect to two non-
interacting cracks. In order to compare the results of proposed computational algorithm with 
those experimentally reported by Nooru-Mohamed [18], two load paths proposed in reference 
[18], i.e. the load paths of (6a) and (6b), are employed here. These two proportional paths are 
modeled using a displacement control manner with ߜ௧ ⁄௦ߜ ൌ 1 and ߜ௧ ⁄௦ߜ ൌ 2, respectively, 
with ߜ௧ denoting the tensile prescribed displacement and ߜ௦ the shear prescribed 
displacement. The geometry and boundary conditions of the double-edge-notched specimen 
are shown in Figure 14. The distribution of ‘aggregate’, ‘matrix’ and ‘interface’ lattice beams 
are depicted in Figure 15. The maximum size of aggregate for this specimen is ݀୫ୟ୶ ൌ 2 mm 
with 500 aggregates, as shown in this figure. The material properties of specimen are similar 
to previous example, as given in Table 2. In order to investigate the effects of dynamic 
simulation, similar pattern of aggregate distribution is used for all numerical simulations. 
Also, to compare the results of static and dynamic simulations, the dynamic analysis is 
carried out using two load rates of 0.001  cm s⁄  and 0.1  cm s⁄ . 

 

(a) (b) (c) 
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Figure 14.  The Nooru-Mohamed shear test; Problem definition. 
 
 

 
 

Figure 15.  The lattice model of Nooru-mohamed test. 
 

In Figure 16, the predicted crack trajectory obtained by experiment is shown for load path 
(6a). The distributions of normal stress contour together with the crack trajectory are 
presented for load path (6a) in Figure 17 for static and dynamic simulations. The crack 
trajectory of specimen is in good agreement with that reported in Figure 16 experimentally. 
In Figure 18, the variations of normal-force with displacement are plotted for static and 
dynamic simulations. A noticeable difference can be observed between experimental and 
numerical results, since a 2D numerical modeling is adopted here. The variations of shear-
force with displacement are plotted in Figure 19 for static and dynamic analyses. A good 
agreement can be seen between experimental and numerical results. As can be observed from 
Figures 18 and 19, the results of dynamic simulations are very close to those obtained by the 
static analysis, since the rate of normal to shear displacements is chose as ߜ௧ ⁄௦ߜ ൌ 1 for load 
path (6a).  
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propagation in concrete. Both experiments were performed in three different phases, 
including the static model, the dynamic model with load rate of 0.001  cm s⁄ , and dynamic 
model with load rate of 0.1  cm s⁄ . The distribution of normal stress contours were presented 
as well as the crack trajectory for static and dynamic simulations. The variations of normal 
and shear forces were plotted with displacement for all simulations. The first example was a 
simple tension experiment chosen to illustrates the pattern of mode I crack propagation. The 
example clearly shown the applicability of lattice model for a specimen with no notch or 
initial crack, As a result, the micro cracks and inhomogeneity of the specimen were the main 
components of fracture in the concrete. The next example was the Nooru-Mohamed 
experiment chosen to illustrate the capability of proposed model in simulation of mixed-mode 
fracture. The test was simulated by applying the tensile and shear loads to a double-edge-
notched specimen simultaneously, for two proportional load paths, i.e. ߜ௧ ⁄௦ߜ ൌ 1 and 
௧ߜ ⁄௦ߜ ൌ 2. It was shown that for load path (6a) with ߜ௧ ⁄௦ߜ ൌ 1, the results of dynamic 
simulations are very close to those obtained by the static analysis. However, the effects of 
dynamic simulation can be clearly observed for load path (6b) corresponding to the rate of 
normal to shear displacements ߜ௧ ⁄௦ߜ ൌ 2. It was also shown that the crack trajectory of 
specimen is in good agreement with that reported experimentally.  
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