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Abstract 
Geometric and material nonlinear behavior of slender webs in I-column girders having stocky flanges 

under the action of combined lateral and axial loads is investigated. Interaction curves corresponding to the 
application of compressive and shear loads at buckling and ultimate stages for both web plates and column 
sections are plotted. In addition, the effects of flange and web slenderness ratios on the behavior of 
columns are studied. Results show that the effect of compressive loads on decreasing shear buckling and 
ultimate capacities of slender web plates is more than the effect of shear on the relative axial capacities. In 
the case of dominant compressive loading, the increase of shear force does not reduce the ultimate axial 
capacity of web plates. 
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1. Introduction 
 

Plate assembled columns and girders can undergo various failure modes. These include 
flexural buckling, torsional buckling, flexural-torsional buckling, flange or web local 
buckling, full yielding of section or any combination of the above. In this study, the local 
buckling failure mode of web plates is investigated. For this purpose, web plates are 
presumed to be slender, while flange plates are assumed stocky. Therefore, the objective of 
this research is intended to investigate the buckling and postbuckling behavior of web plates 
in I-column girders under the action of combined axial compressive and lateral shear 
loadings. Peripheral columns are commonly subjected to considerable simultaneous axial and 
lateral forces. 

Theoretical investigations on the buckling and postbuckling behavior of thin plates have 
been extensively carried out over the past decades [1-2]. The postbuckling behavior of web 
plates in shear was first discussed in 1886 by Wilson [3]. The theory of uniform diagonal 
tension for very thin web plates utilized in aeronautical engineering was developed by 
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Wagner in 1931 [4]. A fundamental theoretical work on the buckling phenomena of slender 
plates under pure shear was carried out in 1947 [5]. Basler [6] and Porter [7] proposed 
different shear failure theories for plate girders [8]. Hoglund [9] developed the rotational 
stress field theory for plate girders. His theory was later incorporated in Eurocode 3 [10]. 
More recently, the present second author and his colleagues have investigated different 
aspects of thin plates under shear [8, 11-19]. 

The buckling and postbuckling behaviors of thin plates in compression have also been 
widely investigated by many researchers [20-25]. In addition, the behavior of I-slender 
section columns under compression has been studied by a number of investigators [26-29]. 
Lindstorm [26] tested mild steel I-section columns composed of slender webs and stocky 
flanges. Davids and Hancock [27-28] carried out tests on short and long I-section columns 
fabricated by welding high tensile steel plates. The short length specimens failed mainly by 
yielding in the post local buckling domain. Salem et al. [29], worked on establishing series of 
interaction design curves for slender I-sections in compression using the gross properties and 
taking into account the interaction of the width/thickness ratio of plate elements comprising 
the cross sections.  

The buckling and postbuckling behavior of detached thin plates in combined shear and 
compression have also been investigated by a number of authors, including Stowell and 
Schwartz [30], Harding et al. [31] and Zaras et al. [32]. Since detached plates having 
conventional boundary conditions cannot accurately represent the behavior of web plates [8], 
complete columns under various loading condition should be considered in the analyses.  

In the present paper, the buckling and postbuckling behaviors of short and medium height 
columns having slender webs and stocky flanges subjected to interactive compression and 
shear are evaluated and the results are compared to the available theories. In addition, the 
effects of flange and web slenderness ratios on the behavior of such girders are investigated. 
Finally, axial-lateral interaction curves for I-column girders at both buckling and ultimate 
stages are presented. 
 
2. Method of study 
 

Two typical plated columns, one 1 m height and the other 4 m, both having similar section 
properties as depicted in Figure 1, are considered. The web and flange widths are assumed to 
be 1000 mm and 300 mm, respectively. To start with, the web and flange plate thicknesses, 

wt  and ft , are presumed to be 5 mm and 30 mm, respectively. However, during the 
parametric studies for flange and web slenderness ratios, these thicknesses are varied 
accordingly. The selection of slender webs and stocky flange thicknesses are in accordance 
with the limits defined in the AISC 360 [33]. 

The ABAQUS finite element package [34] is utilized in incremental nonlinear large 
displacements pushover analyses. Both geometrical and material nonlinearities are considered 
in the studies. The nonlinear pushover analyses are carried out by utilizing the modified Riks 
method, allowing for both stiffness hardening and softening of plated structures. 
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Figure 1. Geometrical properties of columns. All dimensions are in mm. 

 
The structural elements are modeled via the four-node reduced integrated doubly curved 

shell element S4R. This element accounts for finite membrane strains and large rotations. The 
S4R element has three translational and three rotational degrees of freedom at each node. It is 
based on an isoparametric formulation and uses one integration point on its mid-surface to 
form the element internal force vector. The reduced integrated formulation is selected to 
provide accurate results as well as to reduce computer CPU time. 
A convergence study was primarily carried out to obtain the sufficient number of mesh 
elements to allow for the development of buckling modes and displacements in web plates. 
For this purpose, a typical plate under pure in-plane shear was meshed into different numbers 
of elements; and their shear buckling stresses were compared to the classical equation (1). 

(1)
 2

2

2

)1(12
⎟
⎠
⎞

⎜
⎝
⎛

−
=

b
tEK w

cr ν
πτ

 
 
K  is the shear buckling coefficient which depends on boundary conditions and aspect 

ratio of plates; and b  is the web width. Figure 2 shows the variation of percentage errors 
obtained by comparing the FE results to the theoretical value for different number of 
incorporated elements. Based on this figure, the model with 1600 elements produced results 
that were very close to the theory within a reasonable running time; and was hence 
incorporated in the analyses. 
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Figure 2. Convergence study for the number of mesh elements. 

 
Mild steel material with an initial elastic modulus of 200E GPa= , normal yield stress of 

240y MPaσ =  and Poisson’s ratio of 0.3ν =  were used throughout this study. The material 
was assumed elastic perfectly plastic; and the von Mises yield surface was utilized as the 
yield criterion. 

To simulate fixed column-base plate connection, the lowest nodes of columns were restrained 
in all directions. A rigid plate was placed at the top end of columns to provide uniform end 
displacements. Both axial and lateral loadings were applied via this rigid plate.  

The governing failure mode in the typical girders considered in this research was 
presumed to be initiated by the web local buckling. Therefore, in the nonlinear analyses, 
small initial imperfections proportional to the lowest elastic buckling eigenbuckling mode 
shapes were introduced to the web plates. Initial imperfection can arise from various sources 
such as fabrication process, welding distortion, and assemblage. Various maximum initial 
imperfection magnitudes, from 1/1000 mm to 1/5 mm were introduced to the web plates and 
the obtained results for the typical square 1 m column are given in Figure 3. According to 
these imperfection sensitivity results, the initial imperfection magnitude factor does not have 
a considerable influence on the postbuckling behavior of web plate in either axial or shear 
loading cases. However, to attain interaction curves for perfect sections, the smallest possible 
initial imperfection magnitude was incorporated in the analyses. 
 
3. Discussion of results 
 

In this section, the results will be presented and discussed in three subsections a) pure 
axial compressive loading; b) pure lateral loading; and c) combined compressive and shear 
loadings. 

 
3.1. Axial compressive loading 
 
3.1.1. Elastic buckling  
 

In Table 1, the critical compressive stresses of web plates obtained from the FE analysis 
(with the actual flanges as longitudinal boundary elements) are compared to those of the 
analytically calculated isolated plates (assuming both simply supported and clamped 
longitudinal edges). It is observed that for the particular cases considered here, the actual 
buckling stresses are much nearer to the case of isolated plates with clamped condition. The 
compression-buckling mode shapes of the corresponding web plates are depicted in Figure 4. 
The number of buckling half waves in this figures agree with the theoretical case of detached 
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plates having longitudinally clamped boundary condition; i.e. two half waves for the square 1 
m, and six half waves for the long 4 m web plates.  
 

  
a. Out-of-plane displacement - Axial loading b. Out-of-plane displacement - Shear loading 

  

c. in-plane displacement - Axial loading d. in-plane displacement - Shear loading 

Figure 3. Initial imperfection sensitivity analysis. 

 
Table 1 - Comparison of compressive critical stresses (MPa). 

Columns F.E. 

Classic Formula  

Simply Supported 

Longitudinal Edges 

Clamped 

Longitudinal Edges 

1 m 32.93 18.08 (45% error) 35.00 (6% error) 

4 m 31.02 18.08 (42% error) 31.50 (2% error) 

 

3.1.2. Postbuckling behavior 
 

The curves corresponding to the normalized applied axial load versus a) web plate 
maximum out-of-plane deflection, and b) axial strains, for the two abovementioned girders 
are given in Figures 5(a) and 5(b), respectively. In addition, the variation in the axial stiffness 
of girders during the loading history is illustrated in Figure 5(c). The differential behavior of 
columns under compressive loading may thus be outlined as follows: 
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4 m column 1 m column 

Figure 4. Axial buckling mode shapes. 
 

(OA)- The behavior is linearly elastic; the distribution of axial stresses across sections is 
uniform until web plate buckles at A.  

(AB)- After buckling, web plate behaves geometrically nonlinear and column experiences 
a sudden loss of axial stiffness. Web plate can carry additional loads due to the development 
of transverse tensile membrane stresses. With the increase of loading, the axial stiffness 
remains almost constant until the first yield points occur at B. Thereafter, web behaves 
elastic-plastic whilst flanges remain elastic. After the occurrence of buckling at A, the axial 
stress distribution in web is no longer uniform, (see Figure 6). 

(BC) - Web behavior is both geometric and material nonlinear. With the increase of 
loading, yield points spread throughout the outer fibers of web plate. The first yield points in 
flanges occur at C. 

(CD) - The column behavior is inelastic, yield points spread out in flange plates, and 
column experiences significant loss of axial stiffness. 

In addition, Figure 5(b) shows that the axial behavior of girders and their ultimate 
capacities are independent of their length. In Table 2, the ultimate axial loads obtained from 
the FE analysis are compared to those calculated via the theoretical equation (2) [1].  
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a) Normalized applied axial load vs. out-of-plane deflection curves. 

 
b) Normalized applied axial load vs. axial strain curves. 

 
c) Axial stiffness-axial strain curves. 

Figure 5. Postbuckling behavior of 1 m and 4 m columns under compression. 
 

Table 2 - Comparison of ultimate axial loads (kN). 
Columns Theory F.E. Error% 

1 m 4764.5 4769.5 0.10 

4 m 4751.5 4768.0 0.35 

 
This formula utilizes the effective width method for the web plate and assumes full 

yielding of flanges. The theoretical and numerical results in both cases are almost identical. 
 

(2) 
max cr yσ σ σ=  
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The distribution of axial stresses at different loading stages for the typical square web plate 
is plotted in Figure 6. As indicated, the distribution is uniform up to the buckling stage. With 
the increase of axial load, stresses in the middle segments decrease gradually while at edges 
increase and eventually reach the yield stress at the ultimate stage. 
 

 
Figure 6. Axial stress distribution in the web of 1 m column at various stages. 

 
The growth of average axial stress in the web plate ( av

webσ ), flange plates ( av
flangeσ ) and the 

complete section ( av
sectionσ ) against axial and out-of-plane displacements for the square column 

is given in Figure 7. According to these curves: 
i- The average axial stress in the web and flange plates is uniform up to the web buckling 

stage. In other words, the applied axial load is proportionally distributed between flange and 
web plates. 
 

 

 
Figure 7. Growth of average compressive stresses.  

 
ii- The average axial stress in flanges linearly increase with the axial strain up to the stage 

when first yield points occur in flanges. 
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iii- After web buckling, there is an initial sudden reduction of stiffness. This reduction is 
then continued gradually up to C, when first yield points appear in flange plates. Web plates 
at this stage cease to carry further loads. 
 
3.1.3. Effect of flange slenderness ratio 
 

To investigate the effect of flange slenderness on the distribution of average axial stress, 
flange thicknesses were doubled to 60 mm and the comparative results are presented in 
Figure 8. It is observed that although the maximum average stress of the complete section 
augmented due to the increase of flange thickness, the axial capacity of web plate remained 
unchanged. 
 
3.1.4. Effect of web slenderness ratio 
 

The effect of web slenderness ratio on the behavior of girders is demonstrated in Figure 9. 
It is observed that by increasing the web slenderness ratio, the web buckling and ultimate 
capacities decrease as anticipated. However, the relative postbuckling reserves of web plates 
increase with their slenderness ratio. 
 

 

 
Figure 8. Effect of flange thickness variation on the average axial stresses of the web and the 
complete section in the 1 m column. 
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Figure 9. Effect of web slenderness on the average axial stress of web plate in the 1 m column. 

 

  
4 m column 1 m column 

Figure 10. Shear buckling mode shapes. 
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3.2. Lateral shear loading 
 
3.2.1. Elastic buckling 
 

Similar to the axial loading condition, the results of numerical and analytical critical shear 
stresses of web plates are given in Table 3. Here too, it is observed that the FE critical 
stresses are much closer to the theoretical clamped edge condition. The shear buckling mode 
shapes are also depicted in Figure 10. The numbers of local buckling half waves in the 1 m 
and 4 m web plates are one and five respectively, which are similar to the case of detached 
plates with longitudinal clamped edges. 
 

Table 3 - Comparison of shear critical stresses (MPa). 

Columns F.E. 

Classic Formula (1) 

Simply Supported 

Longitudinal Edges 

Clamped 

Longitudinal Edges 

1 m 56.25 42.21 (25% error) 56.94 (1% error) 

4 m 40.85 25.26 (38% error) 42.03 (3% error) 

 
3.2.2. Postbuckling behavior 
 

The curves corresponding to the normalized applied lateral load against maximum out-of-
plane deflection and the drift angle of the two typical web plates, and their in-plane stiffness 
variations are presented in Figure 11. The obtained results can be discussed in three segments 
as follows: 

(OA) - Web plate experiences elastic shear deformations. Equal principal tensile and 
compressive stresses develop at 45°. With the increase of lateral load, principal compressive 
stresses reach the critical state and web buckles at A. 

(AB) - After buckling, web plate behaves geometrically nonlinear and the column 
experiences large loss of lateral stiffness. However, web plate can carry additional lateral 
loads due to the development of diagonal tension field stresses. Postbuckling deformations 
continue until first yield points occur within web plate at B. Up to this stage, web plate is in 
the elastic postbuckling state, and the stress levels in flange plates are very low. 

(BCD) - Web plate behavior becomes both geometrical and material nonlinear. With the 
increase of lateral load, yield points spread out to form diagonal yield zones within the web 
plate at C. The angles at which diagonal yield zone form, with respect to the vertical axis, are 
40° and 25° for the 1 m and 4 m web plates, respectively. In addition, the ratio of ultimate to 
buckling loads in both cases is about 1.86. It should be noted that in plated girders, flanges do 
not possess sufficient flexural rigidity to produce full yielding of web plate. 

Table 4 compares the FE results for the shear buckling coefficients and ultimate shear 
strengths of the two web plates to those calculated via the AISC 360 recommendations [33]. 
The AISC results are considerably lower than the FE results. This is because AISC neglects 
the torsional rigidity of flange plates, assumes simply supported boundaries for the web plates 
and accounts for imperfections. On the other hand, the two results obtained for the ultimate 
shear strength of the square column are very close (only 1% difference); but for the longer 
column this difference amounts to 36%, indicating a conservative approach by the AISC. 
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Table 4 - Comparison of shear buckling coefficients and ultimate lateral loads. 

 

Columns 
Shear buckling coefficient Ultimate shear load (kN) 

FE AISC Error FE AISC Error 

1 m 12.45 10.0 19.7% 524.6 529.9 1.0% 

4 m 9.04 5.0 44.7% 378.6 241.2 36.3% 

 

 
a) Normalized applied shear vs. out-of-plane deflection  

 
b) Normalized applied shear vs. drift angle  

 
c) Lateral stiffness vs. drift angle  

Figure 11. Postbuckling behavior of 1 m and 4 m columns under shear. 
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3.2.3. Effect of flange slenderness ratio 
 

The effect of flange slenderness ratio on the behavior of slender web plates under lateral 
loading is demonstrated by the curves of load versus drift angle and out-of-plane deflection in 
Figure 12. Results show that the increase of flange thickness in the ranges considered herein 
does not affect the buckling capacity of web plates. However, due to the contribution of 
flanges, the ultimate capacity of the complete section does increase to a small extent and 
failure occurs at a much larger in-plane and out-of-plane displacements. 
 

 

 
Figure 12. Effect of flange thickness on postbuckling behavior of 1 m column. 

 
3.2.4. Effect of web slenderness ratio 
 

The effect of web slenderness ratio on the behavior of web plates under lateral loading is 
presented via the out-of-plane deflection curves in Figure 13. It is observed that with the 
increase of web slenderness, the buckling and ultimate shear stresses decrease considerably 
as anticipated. However, the relative postbuckling reserves of shear increases with the 
increase of slenderness. In addition, the web with the slenderness ratio of 100 behaves similar 
to stocky plates and yield before buckle. 
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Figure 13. Effect of web slenderness ratio on postbuckling behavior of 1 m column. 

 
3.3. Combined axial and lateral loading 
 

To produce interaction curves for the critical and ultimate capacities of girders under the 
action of combined compression and lateral loads, three different loading procedures were 
considered: 

A- Fixed amounts of compressive load were exerted to the columns and then incremental 
lateral load was applied. 

B- Fixed amounts of lateral load were exerted to the columns and then incremental 
compressive load was applied. 

C- Simultaneous incremental lateral and compressive loads were applied. 
 
3.3.1. Axial-then-lateral loading 
 
Various constant preset magnitudes of axial load, ranging from 0.0 to 0.8 of their respective 
critical loads were applied to the column. Then in each case, lateral load was applied 
gradually from zero to its maximum amount. The obtained results for the typical square 
column are given in Figure 14 in the form of lateral load versus lateral displacement and out-
of-plane deflection curves. It is observed that the application of large initial axial load 
decreases the shear buckling load; but the ultimate capacity and in-plane stiffness of column 
remain unchanged. The application of initial axial load does not change the failure 
mechanism of column, but the predefined stages A, B and C occur at earlier displacements. 
The results obtained for the long column were almost similar to the above and are not 
repeated for brevity.  
 
3.3.2. Lateral-then-axial loading 
 

Figure 15 represents the effect of various initial lateral loads (up to 0.8 times critical shear) 
on the axial load versus axial displacement and out-of-plane deflection curves of the square 
column. The results show that the axial stiffness of column is not affected by the existence of 
preset lateral loads. However, in the cases which the preset shear loads were 0.2crV V =  and 
0.4, the failure mechanisms and mode shapes were similar to the case of pure compression. 
On the other hand, when crVV  was 0.6 or 0.8, the modes were in accordance with the case of 
pure shear. In addition, with the increase of initial lateral load, points A to D occur at smaller 
axial loads and displacements. 

The respective results for the 4 m column are depicted in Figure 16. Here the application 
of initial lateral load significantly decreases the ultimate axial load. 
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Figure 14. Effect of initial axial load on the shear capacity of 1 m column. 

 
 

 

 
Figure 15. Effect of shear load on the axial capacity of 1 m column. 
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3.3.3. Simultaneous incremental axial and lateral loading 
 

The results obtained via the application of simultaneous compressive and lateral loadings 
were very similar to those obtained above and thus will not be repeated here. However, these 
results are included in the following interaction curves. 
 

 

 
Figure 16. Effect of initial shear load on the axial capacity of 4 m column. 

 
3.3.4. Interaction curves 
 

The compression-shear elastic buckling interaction curves for both web plates of the 1 m 
and 4 m columns are drawn in Figure 17 and are compared to the classic equation (3). This 
equation was intended for isolated slender rectangular plates with elastically restrained 
longitudinal edges [30]. In Figure 17, crP  and crV  denote compression and shear critical 
stresses, respectively. The three curves in this figure are very close and thus it can be 
concluded that the classic equation (3) can be safely applied to the web plates regardless of 
their length. It is also noted that the effect of axial load on the decrease of shear buckling load 
is more than the effect of shear on the axial buckling load. 

(3)
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The lateral-axial interaction curves for the web plates and the column sections (including 

web and flange plates) at the ultimate stage are plotted in Figure 18. The normal and shear 
applied stresses ( ),av avσ τ  are normalized to their corresponding critical stresses. It is noted 
that the curves “ultimate-total” are obtained via the application of simultaneous loading 
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condition (Section 3.3.3) and they agree well with the cases of either initial preset loading 
conditions (Sections 3.3.1 and 3.3.2). 
 

 
Figure 17. Shear-compression buckling interaction curves. 

 

 
a) 1 m column 

 
b) 4 m column 

Figure 18. Shear-compression interaction curves for the webs and the complete sections at the 
ultimate stage, normalized with critical stresses. 
 

According to the results, where axial load is dominant, the average axial stress in the 
column at the ultimate stage linearly decreases with the increase of lateral loading. 
Nevertheless, the average axial stress in the web plate of square column remains constant at 
the ultimate stage; whereas those of the long column appears to remain constant at first, but it 
nonlinearly decreases during further stages of loading. Further, when lateral loading is 
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dominant, both buckling and ultimate shear stresses linearly decrease with the increase of 
axial loading. 

On the other hand, if the average stresses were to be normalized with respect to their 
corresponding ultimate stresses ( )uu τσ , , the interaction curves given in Figure 19 would be 
obtained. The dotted curves in this figure represent a circular path. According to these 
figures, the effect of axial load on decreasing ultimate shear capacity is more than the effect 
of shear on the axial capacity of web plates. In addition, where shear is dominant, with the 
increase of axial load, the decrease in the shear capacity of the 4 m column is more than the 1 
m one. This is due to the P-delta effects in the 4 m column. Likewise, when compression is 
dominant, with the increase of lateral load, the decrease in the axial capacity of the 4 m 
column is significantly more than the 1 m column. This is due to the presence of flexural 
moment at the base of the 4 m column that leads to an earlier formation of plastic hinge in the 
compressive flange.  
 

 
a) web plates 

 
b) complete sections 

Figure 19. Shear-compression interaction curves at the ultimate state, normalized with ultimate 
stresses. 
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4. Conclusions 
 

Based on the analyses carried out on the column girder models having slender webs and 
stocky flanges subjected to simultaneous compression and shear loads, the following 
conclusions are drawn: 

- The buckling and ultimate lateral-axial load interaction curves for web plates and 
complete sections of column girders indicate that the effect of compressive load on the 
decrease of shear capacities is more considerable than vice versa. However, the reduction in 
the shear ultimate capacity is greatly influenced in longer columns due to the presence of 
flexural moment at the column base. 

- Where lateral load is dominant, the increase of axial load is more effective in decreasing 
the shear buckling load than in the ultimate capacity. This decrease is more evident in longer 
columns due to the P-delta effects. 

- Where axial loading is dominant, the increase of shear does not affect the ultimate axial 
capacity of square web plates. In longer columns, the ultimate axial load of web plate remains 
constant at first but begins to decrease by the further increase of shear. Furthermore, the 
decrease in the ultimate axial capacity of column sections due to the increase of shear is more 
significant in longer columns.  
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